This investigation was undertaken as a part of a larger effort to determine the implications of using coherent turbulent structures or turbules to calculate acoustic scattering from turbulent media, a process that has been suggested as a possible non-line-of-sight means of detecting enemy assets on the battlefield. I present an analytical solution to a correlate of the incompressible Navier-Stokes equation. The correlate equation is for the enstrophy, the square of the vorticity. The solution is an expression for the time history of the enstrophy for a particular choice of the initial velocity distribution.
Introduction
This investigation was undertaken as part of a larger effort to determine the implications of using coherent turbulent structures to calculate acoustic scattering from turbulent media, a process that has been suggested as a possible non-line-of-sight means for detecting enemy assets on the battlefield. I have published a number of papers on the scattering of acoustic signals from atmospheric turbulence on the battlefield, as well as a new way of modeling turbulence [1] . My new modeling method is called the Turbule Ensemble Model (TEM). The TEM method consists of representing the turbulence region as a collection of turbules (eddies) of prescribed sizes and random locations. A turbule is an isolated inhomogeneity in either the temperature or the velocity. Methods for determining the parameter values required to complete the calculation of the signal scattered into a shadow zone have been reported elsewhere [1] .
As methods of determining the parameter values have improved, reexamination of assumptions in light of theory/experiment comparisons has proceeded apace. One of these assumptions is that Taylor's frozen turbulence hypothesis holds. Previous work [1] indicates that an interplay of the scattering geometry and the location of the shadow zone boundary determines the turbule sizes that must be considered in any particular scenario. For example, a high boundary reduces the contribution of large turbules because the scattering pattern of large turbules is concentrated in the forward direction. This means that the scattered signal passes above the detector, which is usually located near the ground. The persistence of smaller turbules is shorter than that of larger turbules, as can be seen from dimensional analysis of the relevant flow parameters [2] . As is characteristic of dimensional analysis results, the constant multiplier to be used with the rate so determined is unknown. Since the rate constant is usually included in an exponent, the effect of not knowing the multiplier more precisely can give improper indications as to the source of any discrepancy between predicted and measured results. As the scenario model is honed ever nearer to the correct representation of the experiment, improved accuracy in parameter estimation becomes more important.
The original purpose of the work reported here was to come up with a better estimate of the time interval over which Taylor's frozen turbulence hypothesis may be relied upon. As detailed in section 6, this objective was not reached, in a practical sense, because the analysis is for an isolated velocity distribution. The mathematical development of the investigation is reported here because it may be useful in research on decay times and perturbation effects as the Reynolds number transitions from the laminar to the turbulent regime. A short synopsis of the mathematical development follows.
Since the interest at this time is on the evolution of a velocity turbule, the Navier-Stokes (N-S) equation is the logical place to begin such an investigation, because the equation relates the rate of change of fluid velocity to other flow quantities. The convective acceleration portion of the N-S equation (the velocity equation) can be transformed by a vector identity into the cross product of the velocity and the vorticity, plus the gradient of the square of the velocity. When the curl of the resulting equation is performed (assuming constant density and viscosity), all gradient terms drop out, leaving a second equation (the vorticity equation), which comprises two terms in the vorticity and one other term. The latter term is the curl of the velocity-vorticity cross product. For a particular initial velocity distribution, namely the cross product of the angular velocity and the position vector multiplied by a Gaussian envelop function, the latter term turns out to be parallel to the velocity. Since the vorticity associated with this velocity distribution is perpendicular to the velocity, the dot product of the vorticity with the latter term is initially zero. Thus, a third equation (the enstrophy equation) formed by the dot product of the vorticity and the vorticity equation has the interesting property that the crossproduct term is initially zero. The term enstrophy is defined elsewhere [3] as the time average of the squared vorticity. Enstrophy as used here refers to the square of the vorticity. In a further step in the analysis, a trial timedependent enstrophy distribution expression was derived by solving the enstrophy equation, assuming the cross product term is zero. A surprising result is that the time-dependent vorticity and velocity distributions inferred from the time-dependent enstrophy distribution produced a cross-product term in the enstrophy equation that was identically zero for all time. These velocity/vorticity expressions are not solutions to the velocity equation or to the vorticity equation. The expression for the time history of the enstrophy is unusual to the extent that the standard definition of the time constant is no longer appropriate.
The organization of the remainder of the report is as follows: In section 2, transformation of the N-S velocity equation into an equation for the vorticity is outlined. Section 3 contains an analysis of the characteristics of the N-S convective derivative term (as transformed into vorticity) for the particular initial velocity distribution that I have chosen. I show that the dot product of the convective derivative term and the vorticity is zero and, therefore, the dot product of the vorticity with the vorticity equation eliminates this term from immediate consideration. Such a dot product without the convective derivative term produces a differential equation in the enstrophy only. In section 4, Fourier transform (FT) and Laplace transform (LT) theories are used to solve for the time-dependent enstrophy field. In section 5, time-dependent velocity and vorticity fields are inferred from the enstrophy field and inserted into the original enstrophy equation. This step confirms that the inferred time-dependent fields, like the initial fields, produce a zero convective derivative term, and that time-derivative and Laplacian terms counterpoise each other so that the inferred fields are a consistent solution to the enstrophy equation. Section 6 contains calculated results and recommendations for future work. Section 7 is a brief summary. Appendix A is a short review of applicable FT theory and notation. Appendix B contains details of the equation-solution procedure. Appendix C contains details of the confirmation process. Appendix D contains proof that the time-dependent velocity field inferred in section 5 is not a solution to the N-S equation.
The Navier-Stokes Equation for Vorticity
The N-S equation is given [4] as the following:
Following the reference, this equation for the velocity u and the pressure p may be converted into an expression in which the gradient terms are absent. Using the following standard vector formulas [5] given in the first line of equation (2), the second term of equation (1) may be transformed as
If the density p and the viscosity coefficients 77 and £ are constant, taking the curl of both sides results in the following relation:
The first expression in equation (3) is a standard vector formula [5] . The second expression defines the vorticity d. The kinematic viscosity coefficient is v = 77/p, where 77 is the dynamic viscosity coefficient. In equation (3) the functions (u, d) are functions of the space coordinates yy ,(j = l, 2,3), whose units are typically the meter, and the time T, whose unit is typically the second. As noted in the introduction, the interest of this report is in the dynamics of an atmospheric velocity turbule. A velocity turbule has a characteristic linear dimension a and a characteristic angular velocity magnitude Q.0-These parameters are conveniently used to convert equation (3) to the unitless coordinates x, the unitless time t, the unitless velocity v, and the unitless vorticity c, according to the relations in the following equation:
where XJ = y ; /«; t = Qo?)
The notation used above is summarized as i = 1, 2, 3 = subscript index (repeated subscripts imply summation), Xj = space variables, jc, = space unit vectors, and x = space vector = X\X\.
The parameter K is the reciprocal of the typical Reynolds number. The symbol K is used rather than the symbol R e _1 for writing economy. The subscript x will be dropped from the V operator in subsequent developments and, where appropriate, the shorthand notation for partial derivatives indicated in the last line of equation (4) will be used for the same reason.
The Nature of the N-S Equation's Second Term
The second term referred to in the N-S equation is the curl of the cross product of v and c in equation (4) for which the symbol s(x,t) is reserved. The class of solutions sought is for rotationally symmetric velocity distributions. A member of this class is the distribution defined in the equation
In equation (5), Q is an angular velocity vector and a is the characteristic turbule size. No loss of generality is suffered if u(x) is further particularized by choosing Q, to be aligned with the 3/3 axis as follows:
Converting to unitless quantities using equation (4) results in the following velocity distribution:
The corresponding vorticity function follows from equations (3) and (4):
The dot product of the velocity and vorticity is seen to be zero, so the two are perpendicular.
The crossproduct of the velocity and the vorticity is
Take the curl of equation (9) to obtain the second term, which is
The second term so is seen to be oppositely directed to VQ. This means that the dot product of the vorticity and SQ is zero. The equation to be solved is, therefore, the following:
This equation is referred to as the transport equation for instantaneous enstrophy [6] and was used for a different purpose there. When {VQ, CQ) are substituted in equation (4), the second term is eliminated. The procedure to be followed, then, is to solve equation (11) without the v cross c term for the initial vorticity distribution of equation (8), and then substitute the result in equation (11), including the v cross c term, to confirm that the answer leads to a zero second term for all time, and that the other terms combine to make equation (11) true for all time.
Transformation of the N-S Equation
FT theory will be used in section 4 to solve equation (11), less the v cross c term, acknowledging in the process that this term is the very essence of turbulence. The applicable theory is outlined in appendix A, along with the notation employed, and the definition of the FT of a function.
The convention used for field functions is: lower-cased letters are in the space domain and upper-cased letters are in the FT or wavenumber domain. Additionally, (v, V) = velocity field function (vectors), and (c, C) = vorticity field function (vectors).
Additional notation is qi = wavenumber variables, qi = wavenumber unit vectors, and q -wavenumber vector = g#,-.
A general property of the velocity distributions associated with incompressible flow is that the divergence is zero, as in
It is easy to verify by direct application of the divergence operator that the divergence of the vorticity is also zero, as in
The FT of equations (12) and (13) give the following result:
The FT of the velocity, vorticity, and second-term functions from equations (7), (8), and (10) are as follows:
Co(q) = ff 3/2 HiW 3 -
In the FT domain, the equations giving the vorticity in terms of the velocity are as follows: 
The results of equation (18) allow substitution of vorticity components for velocity components.
Rewriting equation (11) using the tensor notation of the fourth line in equation (4) and dropping the cross-product term results in
Cj{x,t)d t Cj{x,t) = Kcj(x,t)dfcj(x,t) dt[cj(x,t)] 2 = 2Kcj(x,t)tf Cj (x,t).
Also indicated in equation (19) is the fact that the vorticity is a function of time. A useful modification of equation (19) is obtained by consideration of the second partial of the square of some function, such as/(x), as in
The last line of equation (19) is rewritten for the first component using the last line of equation (20), as in
Similar expressions may be written for the other components of c(x,t). The next step is to obtain the FT of the above expression through the equation
*(*,*) = Equation (22) is solved in appendix B. The symbol e(x,t) will be used for the enstrophy in
From appendix B, the IFT of the last expression in equation (23) may now be written as
(4L)' ) Equation (24) is the most significant and novel result in this report. Notation has been simplified by the substitution L = 1/4 + Kt. As an elementary check of mathematical manipulations, it is easy to see from the above that the initial (t = 0) enstrophy distribution is indeed the square of c 0 (x) from equation (8). 
Confirmation of Results
The purpose of this section is to confirm that the results derived in section 4 are, indeed, a solution of the transport equation for instantaneous enstrophy (eq (11)). The original differential equation (eq (4)) is repeated here:
Equation (25) is actually three equations, wherein the operations are on the components of the vorticity. Again using the symbol s for the second term, the three equations can be represented as one equation in tensor notation, using the coordinate unit vectors
The dot product was applied to this vector equation, resulting in equation (11), which is reproduced here:
It is also necessary to verify that our solution satisfies the divergence equations (12) and (13). To perform this verification, the solution will consist of trial expressions, which will be substituted into equation (12), (13), and (27). Trial functions will be designated by bold letters.
The trial vorticity function is contained in the components of equation (24),
Note that the divergence of the above is zero as can be seen by summing the three components in equation (29): 
[-2(4L -
There is a direct link between the trial vorticity (eq (28)) and the trial velocity: find the FT of c; apply equation (18) to find the FT of v; and find the inverse Fourier transform (IFT) of the result. This has not yet been done. An alternate route is to propose a functional form in analogy with equations (7) and (28), including a multiplicative factor; find the curl of that form; and derive the specific form of the factor to make the result equivalent to equation (28). The proposed form is in equation (30), where A is the ab initio unknown factor, as in
It is obvious that the divergence of v is zero because of the opposite sign of the two terms, and the fact that the derivatives of the exponential factor will make their magnitudes the same.
To record the verification process cogently, set up the A c function, comprising all three separately identified terms of equation (27), shifted to the lefthand side as in
Showing A c is zero will prove that the (c, v) functions from equations (28) and (30) are a consistent solution set for equation (27) . Expansion and simplification of functions (oL a ß a <p c ) are done in appendix C. The results are that ß c = 0 and a c = K<p c . Therefore, the conclusion is that (c, v) are a consistent solution set for equation (27) .
Discussion of Results
Displaying the nature of the enstrophy field defined by equation (24) is somewhat of a challenge because of the violent variability with respect to time. The size/time scales are incorporated in the constant K, so that any curves in terms of the variables {x, t/K) are universal. If t is 1/(4K), the enstrophy at the origin {x = 0) is already 1/32 of the value for t = 0. Ordinarily, a time constant is defined when some energy like quantity has declined to one-half of its starting value. This would translate into the t = 1/ (4K) if the numerator/denominator combination was L -1 . The fact that the numerator /denominator combination changes when x * 0 further complicates the search for a simple describer for the time history. If the size is defined to be the radius of the circle in the (x h x 2 ) plane, where the exponent of envelope function is -2, then the size a(t) = (4L) 1/2 . The meaning of this is that the turbule gets larger with time, a rather novel concept. This apparent increase in size is masked by the 5th power fall off of the central maximum of the distribution. From an acoustic scattering point of view, the scattering cross section declines with time, but the differential scattering cross section becomes more peaked in the forward direction. The enstrophy is zero at certain points in the (x\ -x 2 ) plane reflecting the fact that the vorticity changes sign for this particular starting velocity distribution as the point of interest recedes from the axis.
To aid intuitive understanding, the dimensionless fields and variables will be discarded and the pertinent equations will be as follows: 
Perhaps the best way to gain some numerical idea as to the variations of the turbule enstrophy is to consider the total of this quantity. As a matter of convenience this is done in the following equation, where the volume integral of the enstrophy is calculated as:
The new function w(y,i) in equation (32) is the kinetic energy concentration. The total kinetic energy is calculated from the following expression:
From the last expression in equation (34), let ti/ 2 be that time for which the ratio is 1/2 (a condition that occurs when Kt 1/2 = (2 2/5 -1)/4 = 0.0798770). The intent is now to investigate the state for seven different turbule sizes. The relevant data is collected in table 1.
The sizes are from the ensemble reported previously [1] . In this ensemble, the characteristic size of the largest-sized turbule was a\ = 10 m. The maximum velocity in the largest turbule was approximately 1/100 of the speed of sound or v\ = 3.44 m • s _1 . The turbule size ratio was a n /a n +\ = 0.827787. For a velocity structure constant of 0.1111 m 4/3 • s~2, the turbule spacing parameter was € = 8. From equation (6), the maximum velocity occurs for i/3 = 0 on a circle with a radius of p m = 2~1 /2 a. The kinematic viscosity coefficient is taken to be 0.15 x 10" 4 m 2 • s -1 . The starting maximum velocity of the different-sized turbules is assumed to vary according to the (1/3) power rule applied to the size ratio. The critical Reynolds number for boundary layer flow with zero pressure gradient is given [7] as about 600, indicating the value when the flow becomes unstable. The sizes in the table cover a Reynolds number range spanning this value.
Other valuable information is provided in table 2, including data on total kinetic energy and the pressure differential Ap at the origin, which is calculated from the following relationship to the velocity in the y\ -y 2 plane: The maximum pressure differential (in the largest turbule) is about 86 Pa, compared to the nominal atmospheric pressure of 101,000 Pa. These pressure data confirm that the constant density assumption is, essentially, valid.
A comparison between the decay time of this theory and the decay time predicted by Kolmogorov's theory is instructive. The relation from which the latter time may be calculated is as follows:
In equation (36), e is the energy-decay rate per unit mass. A typical value [8] for it is e = 10 -3 m 2 ■ s~3. Table 3 contains the relative comparative data.
From table 3 , we see that the comparable times occur when the size is around 1 cm. The theory of this report shows a steeper decline for smaller sizes than Kolmogorov's prediction, suggesting that the present theory might be useful for analyzing the turbule interaction in this region. For example, consider two turbules with initial velocity distributions similar in form to that considered in the table, separated by a suitable distance. The only terms in equation (11) initially present would be the interaction terms, and the decay (or growth) of the interaction could prove to be very interesting. The mathematical developments reported in this document contain a valid solution to the enstrophy correlate of the N-S equation, giving the time history of the decay of the enstrophy from a particular choice of the initial velocity distribution of an isolated velocity turbule. There may be other initial velocity distributions that lead to a similar analytical solution.
We found that the time-dependent velocity field derived here is not a solution to equation (2) , the N-S equation. Details of this analysis are given in appendix D.
Appendix A.
-Applicable Fourier Transform Theory
Fourier transform (FT) theory was used in section 4 of the main report to solve the equation resulting from forming the dot product of the vorticity and equation (3) . The applicable theory is outlined in this appendix, along with the notation employed.
The FT of function g(y) of variable y to variable/is defined as follows:
The inverse FT (IFT) of function G(f) of variable/' to variable y' is defined as follows:
The Dirac delta function, the symbol for which is 8(t/), and its FT are of considerable importance. §(y) is defined by the limiting process recorded below:
The integral of 8(y) is, therefore, unity. The FT of 8{y) is the following:
The FT of 8(y) is, therefore, a constant; i.e., it has a uniform spectrum. The IFT of 1, then, recovers the delta function
When this integral construction is encountered, substitution of a suitable delta function is appropriate.
The next few expressions define the convolution integral, which is useful when dealing with the product of two functions.
In equation (A-6),/(y) is defined as the product of the functions g(y) and %). The FT of/(y) is defined the standard way. To develop the convolution integral, g{y) and %) are expressed in terms of the IFT of their transforms G(f) and H(f), as in To ensure that the integral in the second line of equation (B-l) is zero, let the integrand be zero. Temporarily indicating the vorticity product on the right as the function P{q, q', t), the Laplace transform (LT) of the integrand may be calculated as The square of the vorticity was defined to be the enstrophy in section 4
Appendix C.-Details of the Confirmation Process
The purpose of this appendix is to record the details confirming that the enstrophy expression, equation (24) Expansion of function a c is formulated in equation (C-4).
Taking the time derivatives and simplifying gives the following: First calculate the cross product of the velocity and the vorticity:
Next, find the curl of the expression in equation (C-15), which will be the function s, as in
The function ß c will then be the dot product of c with the above, or
Therefore, the second term is identically zero.
Appendix D.-Analysis of the Enstrophy Equation Applied to the Navier-Stokes Equation
In this appendix, the inferred time-dependent velocity field will be applied to the Navier-Stokes (N-S) equation to determine if it is a solution. The form of N-S to be used is equation (2), which is reproduced here as equation (D-l).
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The trial vorticity and velocity field equations are reproduced here from equation (32). r'dp = p(u 2 
